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1.2 LEIBNITZ'S THEOREM
If u and v are functions of x such that their n‘"derivatives exist, then the n**derivative
of their product is given by

(UV)p = UV + N Up_1 V1 + N Un_2 V2 + o+ N, Upr Uy + o+ UD,

where u, and v, represent r*"derivatives of u and v respectively.

Examplell Find the n'"* derivative of x log x

Solution: Letu =logx and v = x
Thenu, = (-1)" 12 andu,_y = (-)"2E=2

By Leibnitz’s theorem, we have
(UV)p = UV + N Up-1 V1 + N Un_2 Va2 + o+ N, Upp Uy + 0+ UDy

> (xlogx )y = (D" E2x + n(-D"2E22 40

2)!

(n (n
(l)nl +(1)n2ul

= (- 1)“‘",11[ (n—1)+n]
(n—2)!
=( l)nzxnl

Example 12 Find the n" derivative of x2e3* sin 4x

Solution: Letu = e3* sin4x and v = x?
i 4
Then u,, = e* 252 sin (4x +ntan”! })
= e3* 5" gin (4x +ntan~?! i)
3

By Leibnitz’s theorem, we have
(UV)p = UpV + N Up1 Vg + N Up2 V2 + o+ N, Upy U + o+ Uy

= (xzegx sin 4x )n = x2¢° 5" sin (4x + ntan! g-) +
2nxe* 5" 1 sin (4x + (n—1)tan™? -;-) +

n(n — 1)e** 5" % sin (4x +(n—2)tan™! g) +0



= [xz sin (4x +ntan™! g) +
2:—x sin (4x + (n—1)tan™? g) + % sin (41‘ + (n—2)tan™! g)]
Example 13 If y = acos(logx) + b sin(log x), show that
X2Ypi2 + Cn+ Dxyp +n(n+ Dy, =0
Solution: Here y = a cos(log x) + b sin (log x)
Dy = _x—asin (logx) + Ecos (logx)
= xy, = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
XY, + Y = —% cos(logx) +_Tb sin(logx)
= x%y, + xy, = —{acos(logx) + b sin(logx)}
i
2x%y,+xy;+y =0
Using Leibnitz’s theorem, we get
Ome2%* + Mg, Yn 112X + 0, Y. 2) + (VnaaX + 0, Yoo 1) + 3 = 0
= Yns2X? + Va1 20X + 00— Dyn + Yy X + 0y, +yp =0
= X%Ype2 + @0+ Dxyneg + (02 + 1)y =0
Example 14  If y = log (x + V1 + x?)
Prove that (1 4+ x?)yp4, + 20 + Dxypeq + 0%y, =0

Solution: y =log (x + V1 + x?

1 1 1
= x+V14x2 (1 + 2V1+x2 Zx) = Viex?

=21+x)y,2=1

Differentiating both sides w.r.t. x, we get
(1+x3)2y,y, +2xy,2=0

> (1+x)y, +xy;, =0



Using Leibnitz’s theorem
[Yrt+2(1 = x2) + nCIyn+12x T+ nczyrvz] + (ynﬂx T nC;Yn* 1) =0

= Yus2(1 + xz) + Ynsr2nx + n(n = 1)y, + Ypx + 0y, =0
D (14 x%)yYp42 + @n + 1xypyy + 0y, =0

Example 15 If y = sin (m sin~'x), show that
(1 =x*)Vp42 = 2n + Dxyyyq + (n* = m*)y,. Also find y,(0)

Solution:  Here y = sin(m sin"'x) L
2y, = %cos(m sinlx) ... @

= (1 - x*)y,* = m?cos*(m sin~'x)
= (1 -x»)y,* = m?[1 —sin®*(m sin™'x)]
= (1 -x2)y,2 =m*(1 - y?)......0
= (1- x2)y,2 + m?y? = m?
Differentiating w.r.t. x, we get
(1 =x3)2y,y, + y,%(-2x) + m*2yy, =0
=21 -x)y,—xy; +miy =0
Using Leibnitz’s theorem, we get
Vns2(1 = x%) + g, Ypaa (—2%) + e,y (-2)] - (Fnarx + ncl}’nl) +my, =0
= Yns2(1 = %%) = Ypaa2nx = n(n = Dy = GnaaX + nyp) + m?y, =0
=2 (1= x)ype2 = Cn+ Dxyyy + (02 =m?)y,...... @
Putting x = 0in (D, @and @
y(0) = 0,y,(0) =mand y,(0) = 0
Putting x = 0 in @
Yns2(0) = (n* = m?)y, (0)
Puttingn = 1,2,3 ... ... in the above equation, we get
y3(0) = (12 = m?)y,(0)
=(1*=m*)m =y, (0) =m



¥4(0) = (22 = m?)y,(0)
-0 = 9,(0) = 0
y5(0) = (3* = m?) y,(0)

=m(12 — m?)(3% —m?)

e 0, if niseven
= Yl = [m(l2 - m?)(3%2 —=m?) ..[(n — 2)*) - m?] ,if nis odd

Example 16 If y = e™sn"'x show that
(1= 23)Yns2 — 20 + Day,q — (0% + m?)y, = 0. Also find  y,(0).

Solution: Here y = e™" ' (D

- m sin~'x
ﬁJ)]. = 1—x2 €
-y
- @

= (1~ xz)ylz =mzy2
Differentiating above equation w.r.t. x , we get
(1= x*)2y1y, + y,%(=2x) = m*2yy,
> -x)y,—xy,-m?y=0 ... @
Differentiating above equation n times w.r.t. x using Leibnitz’s theorem, we get
Wnsz(1 = X2) + 1, Y41 (=2%) + 16, Y0 (—2)] = (PnaaX + n¢,Yo1) — m?y, =
= Yr2(1 = X2) = Ypy120x = n(n = Dy, = (parX + ny) —m?y, =0
=2 (1 = x)ynsez — 2n + Daxypses — (0 + mDy, =0.....D
To find  ¥,(0): Puttingx = 0in O, @and @
y(0) = 1, y,(0) = mand y,(0) = m?
Also putting x = 0 in , we get
Yn+2(0) = (n?* +m?)y,(0)

Putting n = 1,2,3 ... in the above equation, we get



y3(0) = (1% + m?)y,(0)

=(1* + m*)m “¥1(0) =m
y4(0) = (2% + m*)y,(0)
=m*(2% + m?) + ¥2(0) = m?

ys(0) = (3° +m?) y,(0)

=m(1% + m?*)(3% + m?)

= y.(0) = [ m?(2% + m?) .. [(n - 2)* + m*] , if nis even
I = (12 +m?)(32 + m?) ... [(n = 2)2 +m2], if nis odd

Example 17 If y = tan~'x, show that
(1 = xH)Yp42 +2(n + Dxypeq + n(n+ 1)y, = 0. Also find y,(0)

Solution: Herey = tan 'x.....(D

Differentiating equation 3 n times w.r.t. x using Leibnitz’s theorem
Wnsa(L+2%) + 16, Y41 (22) + 1, Yn ()] + 2(Vnanx + g,y 1) = 0
= Yne2(1 + %) + ynaa2nx + n(n = Dyn + 2(nsax + nyn) =0
= 1+ x)y, +2(n+ Dxypy +n(n+ 1y, =0...... @
To find ¥,(0): Puttingx = 0in (D, @and @), we get
y(0) = 0,%(0) = 1and y,(0) = 0
Also putting x = 0 in @), we get
Yns2(0) = =n(n + 1)y,(0)

Putting n = 1,2,3 ... in the above equation, we get



y3(0) = =1(2)y,(0)

==2 v y(0) =1
¥4(0) = =2(3)y(0)
= 0 2 ,(0) = 0
y5(0) = —3(4)y,(0)
——3(4)(-2) = 4!

¥6(0) = —4(5)y,(0) = 0
¥7(0) = =5(6)y5(0) = —5(6)4! = —(6!)

= Youer(0) = (=D)"*(2n)! and  ¥,,(0) = 0

Examplel8 If y = (sin~*x)?, show that
(1 = x®)Ype2 — 2n + Dxy,,, —n?y, = 0. Also find y,(0)

Solution: Here y = (sin™'x)%....@D
2y, = Zsin‘lx.ﬁ ...... @

Squaring both the sides, we get
(1=2x%)y,%2 =4 (sin"'x)?
= (1 -2y, =4()*
Differentiating the above equation w.r.t. x, we get
(1-x*)2y,y; + *(=2x) -4y, = 0
S>A-x)y, +n(-x)-2=0 ... @

Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
[Yns2 (1 = %) + 0, Ynaa (=20) + 1, Y (=2)] = (Ynarx + 1, yu1) = 0
= Yna2(1 = %) = ypiy2nx = n(n = 1)y, = Gpsrx +1y,) = 0

= (1= x)Yns2 — Cn+ Dxypyy —yn? =0.....@
Tofind y,(0): Puttingx = 0in (D, @and @), we get
y(0) = 0,y,(0) = 0and y,(0) = 2



Also putting x = 0in (), we get
Yn+2(0) = n?yn(0)
Putting n = 1,2,3 ... in the above equation, we get
y3(0) = 12y,(0)
=0 “y1(0) =0
y4(0) = 2%y,(0)
a2 w¥,(0) = 2
y5(0) = 3%y;(0)=0
¥6(0) = 4%y,(0) = 4*2%2

0, if nisodd
2.22.4% .. ......(n—=2)%,if nis even

Tatnmsndanas 1 T

= ,(0) =[



